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THE COMULTIPLICATION OF MODIFIED QUANTUM AFFINE sln
QIANG FU
Abstract. Let U˙(ŝln) be the modified quantum affine sln and let U(ŝlN )
+ be the positive part
of quantum affine slN . Let B˙(n) be the canonical basis of U˙(ŝln) and letB(N)
ap be the canonical
basis of U(ŝlN)
+. It is proved in [4] that each structure constant for the multiplication with
respect to B˙(n) coincide with a certain structure constant for the multiplication with respect to
B(N)ap for n < N . In this paper we use the theory of affine quantum Schur algebras to prove
that the structure constants for the comultiplication with respect to B˙(n) are determined by the
structure constants for the comultiplication with respect to B(N)ap for n < N . In particular,
the positivity property for the comultiplication of U˙(ŝln) follows from the positivity property
for the comultiplication of U(ŝlN )
+.
1. Introduction
In [7], Grojnowski gave a geometric construction of the comultiplication ∆ for quantum group
of type A. As a consequence, he obtain that it has positive structure constants with respect to
the canonical basis for quantum group of type A (see also [8]). The geometric description of ∆
was generalized to the affine case by Lusztig [14].
Let S△(n, r) be the affine quantum Schur algebra over Q(v) (see [5, 6, 13]). Let U(ŝln) be the
quantum affine sln. The algebra U(ŝln) and S△(n, r) are related by an algebra homomorphism
ζr : U(ŝln)→ S△(n, r) (see Ginzburg–Vasserot [5] and Lusztig [13]). The map ζr can be extended
to a surjective algebra homomorphism fromD△(n) to S△(n, r), whereD△(n) is the double Ringel–
Hall algebra of affine type A (see [1, 3.8.1]).
It is well known that the positive part U(ŝln)
+ of U(ŝln) has a canonical basis B(n)
ap with
remarkable properties (see Kashiwara [9], Lusztig [10]). Let U˙(ŝln) be the modified form of
U(ŝln). The algebra U˙(ŝln) is an associative algebra without unity and the category of U(ŝln)-
modules of type 1 is equivalent to the category of unital U˙(ŝln)-modules. The algebra U˙(ŝln) has
a canonical basis B˙(n) constructed by Lusztig [12]. Let B(n, r) be the canonical basis of S△(n, r)
(see Lusztig [13]). The compatibility of B˙(n) and B(n, r) was proved by Schiffmann–Vasserot
[17].
In [4], some good relations among the structure constants for the multiplication with respect
to the canonical bases of the three algebras U˙(ŝln), S△(n, r) and U(ŝlN )
+ were established.
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In this paper we prove that there are similar relations among the structure constants for the
comultiplication with respect to the canonical bases of these algebras. More precisely, we prove in
3.8 that the structure constants for the comultiplication with respect to B(n, r) are determined
by that with respect to B(N)ap for n < N . Using 3.8, we prove in 4.1 that the structure
constants for the comultiplication with respect to B˙(n) are determined by that with respect to
B(N)ap for n < N . In particular the positivity property for the comultiplication with respect
to B˙(n) follows from the positivity property for the comultiplication with respect to B(N)ap.
Notation: For a positive integer n, let Θ△(n) be the set of all matrices A = (ai,j)i,j∈Z with
ai,j ∈ N (resp. ai,j ∈ Z, ai,j > 0 for all i 6= j) such that
(a) ai,j = ai+n,j+n for i, j ∈ Z;
(b) for every i ∈ Z, both sets {j ∈ Z | ai,j 6= 0} and {j ∈ Z | aj,i 6= 0} are finite.
Let Θ+△ (n) = {A ∈ Θ△(n) | ai,j = 0 for i > j}. For r > 0, let Θ△(n, r) = {A ∈ Θ△(n) | σ(A) = r},
where σ(A) =
∑
16i6n, j∈Z ai,j.
Let Zn△ = {(λi)i∈Z | λi ∈ Z, λi = λi−n for i ∈ Z} and N
n
△ = {(λi)i∈Z ∈ Z
n
△ | λi > 0 for i ∈ Z}.
Zn△ has a natural structure of abelian group. For r > 0 let Λ△(n, r) = {λ ∈ N
n
△ | σ(λ) = r}, where
σ(λ) =
∑
16i6n λi.
Let Z = Z[v, v−1], where v is an indeterminate. For c ∈ Z and a ∈ N let
[
c
a
]
=∏a
s=1
vc−s+1−v−c+s−1
vs−v−s .
2. Preliminaries
Let I = Z/nZ = {1, 2, . . . , n} and let (ci,j)i,j∈I be the Cartan matrix of affine type A. Let
D△(n) be the double Ringel–Hall algebra of affine type A. The algebra D△(n) is isomorphic to
the quantum loop algebra U(ĝln) (see [1, 2.5.3]). By [1, 2.3.1 and 2.3.5] we have the following
result.
Proposition 2.1. The algebra D△(n) is the Q(v)-algebra generated by Ei, Fi, Ki, K
−1
i , z
+
s , z
−
s ,
for i ∈ I, s ∈ Z+, and relations:
(QGL1) KiKj = KjKi, KiK
−1
i = 1;
(QGL2) KiEj = v
δi,j−δi,j+1EjKi, KiFj = v
−δi,j+δi,j+1FjKi;
(QGL3) EiFj − FjEi = δi,j
K˜i−K˜
−1
i
v−v−1
, where K˜i = KiK
−1
i+1 (and K˜n = KnK
−1
1 );
(QGL4)
∑
a+b=1−ci,j
(−1)a
[
1− ci,j
a
]
Eai EjE
b
i = 0 for i 6= j;
(QGL5)
∑
a+b=1−ci,j
(−1)a
[
1− ci,j
a
]
F ai FjF
b
i = 0 for i 6= j;
(QGL6) z+s and z
−
s are central elements in D△(n).
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where i, j ∈ I and s, t ∈ Z+. It is a Hopf algebra with comultiplication ∆ defined by
∆(Ei) = Ei ⊗ K˜i + 1⊗ Ei, ∆(Fi) = Fi ⊗ 1 + K˜
−1
i ⊗ Fi,
∆(K±1i ) = K
±1
i ⊗K
±1
i , ∆(z
±
s ) = z
±
s ⊗ 1 + 1⊗ z
±
s ;
where i ∈ I and s ∈ Z+.
The extended affine Hecke algebra H△(r) is defined to be the Q(v)-algebra generated by Ti,
X±1j (1 6 i 6 r − 1, 1 6 j 6 r), and relations
(Ti + 1)(Ti − v
2) = 0, TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi (|i− j| > 1),
XiX
−1
i = 1 = X
−1
i Xi, XiXj = XjXi, TiXiTi = v
2Xi+1, XjTi = TiXj (j 6= i, i+ 1).
Let Ω be a vector space over Q(v) with basis {ωi | i ∈ Z}. Let I(n, r) = {(i1, . . . , ir) ∈ Zr | 1 6
ik 6 n, ∀k}. For i = (i1, . . . , ir) ∈ Zr, write ωi = ωi1 ⊗ ωi2 ⊗ · · · ⊗ ωir ∈ Ω
⊗r. The tensor space
Ω⊗r admits a right H△(r)-module structure defined by

ωi ·X
−1
t = ω(i1,··· ,it−1,it+n,it+1,··· ,ir), for all i ∈ Z
r;
ωi · Tk =


v2ωi, if ik = ik+1;
vω(i1,··· ,ik+1,ik,··· ,ir), if ik < ik+1; for all i ∈ I(n, r),
vω(i1,··· ,ik+1,ik,··· ,ir) + (v
2 − 1)ωi, if ik+1 < ik,
where 1 6 k 6 r − 1 and 1 6 t 6 r (cf. [18]). The algebra
S△(n, r) := EndH△(r)(Ω
⊗r)
is called an affine quantum Schur algebra.
For λ ∈ Λ△(n, r), let Sλ := S(λ1,...,λn) be the corresponding standard Young subgroup of the
symmetric group Sr. For λ ∈ Λ△(n, r) let xλ = v
ℓ(w0,λ)ωiλ , where w0,λ is the longest element in
Sλ and
iλ = (1, . . . , 1︸ ︷︷ ︸
λ1
, 2, . . . , 2︸ ︷︷ ︸
λ2
, . . . , n, . . . , n︸ ︷︷ ︸
λn
) ∈ I(n, r).
Then we have Ω⊗r = ⊕λ∈Λ△(n,r)xλH△(r).
The vector space Ω is a natural D△(n)-module with the action Ei · ωs = δi+1,s¯ωs−1, Fi ·
ωs = δi,s¯ωs+1, K
±1
i · ωs = v
±δi,s¯ωs, z
+
t · ωs = ωs−tn, and z
−
t · ωs = ωs+tn, where s¯ is the
integer s modulo n. The Hopf algebra structure of D△(n) induces a D△(n)-module Ω
⊗r. We
denote by ζr : D△(n) → End(Ω
⊗r) the corresponding representation. By [1, 3.8.1] we have
ζr(D△(n)) = S△(n, r).
For r′, r′′ ∈ N, there is a natural injective algebra homomorphism
ϕr′,r′′ : End(Ω
⊗r′)⊗ End(Ω⊗r
′′
)→ End(Ω⊗r
′+r′′)
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such that ϕr′,r′′(f ⊗ g)(w1 ⊗ w2) = f(w1) ⊗ g(w2) for f ∈ End(Ω
⊗r′), g ∈ End(Ω⊗r
′′
), w1 ∈
Ω⊗r
′
, w2 ∈ Ω
⊗r′′ . By restricting the map ϕr′,r′′ to S△(n, r
′) ⊗ S△(n, r
′′), we obtain an algebra
isomorphism
ϕr′,r′′ : S△(n, r
′)⊗ S△(n, r
′′)→ ϕr′,r′′(S△(n, r
′)⊗ S△(n, r
′′)).
It is clear that we have the following commutative diagram:
D△(n)
∆
−−−−→ D△(n)⊗D△(n)
ζr′+r′′
y yζr′⊗ζr′′
ϕr′,r′′(S△(n, r
′)⊗ S△(n, r
′′)) ←−−−−
ϕr′,r′′
S△(n, r
′)⊗ S△(n, r
′′).
So S△(n, r
′ + r′′) = ζr′+r′′(D△(n)) ⊆ ϕr′,r′′(S△(n, r
′) ⊗ S△(n, r
′′)). By restricting ϕ−1r′+r′′ to
S△(n, r
′ + r′′), we obtain an algebra homomorphism
∆r′,r′′ := ϕ
−1
r′+r′′ : S△(n, r
′ + r′′)→ S△(n, r
′)⊗ S△(n, r
′′).
3. The connection between B(n, r) and B(N)ap
LetD+△ (n) be the Q(v)-subalgebra of D△(n) generated by Ei and z
+
s for i ∈ I and s ∈ Z
+. Let
B(n) := {θ+A | A ∈ Θ
+
△ (n)} be the canonical basis of D
+
△ (n) (see [18]). For A = (ai,j) ∈ Θ
+
△ (n)
let d(A) = (
∑
s6i,t>i+1 as,t)i∈Z ∈ N
n
△ . For j ∈ Z
n
△ let K˜
j =
∏
16i6n(K˜i)
ji . For A,B ∈ Θ+△ (n) we
write
(3.1) ∆(θ+A) =
∑
B,C∈Θ+
△
(n)
fA,B,Cθ
+
B ⊗ θ
+
CK˜
d(B),
where fA,B,C ∈ Z. Note that if fA,B,C 6= 0 then d(A) = d(B) + d(C).
A matrix A = (ai,j) ∈ Θ△(n) is said to be aperiodic if for every integer l 6= 0 there exists
1 6 i 6 n such that ai,i+l = 0. Let Θ△(n)
ap be the set of all aperiodic matrices in Θ△(n). Let
Θ+△ (n)
ap = Θ+△ (n) ∩Θ△(n)
ap.
Let U(ŝln) be the Q(v)-subalgebra of D△(n) generated by the elements Ei, Fi and K˜
±1
i for
i ∈ I. Let U(ŝln)
+ be the Q(v)-subalgebra of U(ŝln) generated by the elements Ei for i ∈ I.
Then U(ŝln)
+ is isomorphic to the composition algebra of the cyclic quiver △(n) (see Ringel
[16]). Let
B(n)ap := {θ+A | A ∈ Θ
+
△ (n)
ap}.
Then by [11], we know that the set B(n)ap forms a Q(v)-basis for U(ŝln)+ and is called the
canonical basis of U(ŝln)
+. The following result are due to Lusztig (see [10] and [12, 14.4.13]).
Theorem 3.1. For A,B,C ∈ Θ+△ (n)
ap we have fA,B,C ∈ N[v, v−1].
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Let S△,r be the group consisting of all permutations w : Z→ Z such that w(i+ r) = w(i) + r
for i ∈ Z. For λ, µ ∈ Λ△(n, r), let D△λ = {d | d ∈ S△,r, ℓ(wd) = ℓ(w) + ℓ(d) for w ∈ Sλ} and
D△λ,µ = D
△
λ ∩ D
△
µ
−1. For λ ∈ Λ△(n, r), 1 6 i 6 n and k ∈ Z let Rλi+kn = {λk,i−1 + 1, λk,i−1 +
2, . . . , λk,i−1 + λi = λk,i}, where λk,i−1 = kr +
∑
16t6i−1 λt. By [18, 7.4] (see also [2, 9.2]), there
is a bijective map
(3.2) △ : {(λ, d, µ) | d ∈ D
△
λ,µ, λ, µ ∈ Λ△(n, r)} −→ Θ△(n, r)
sending (λ, d, µ) to the matrix A = (|Rλk ∩ dR
µ
l |)k,l∈Z.
The algebra S△(n, r) has a normalized Q(v)-basis {[A] | A ∈ Θ△(n, r)} (cf. [13, 1.9]). Let
B(n, r) := {θA,r | A ∈ Θ△(n, r)}
be the canonical basis of S△(n, r) defined by Lusztig [13]. For λ, µ ∈ Λ△(n, r) and d ∈ D
△
λ,µ let
θdλ,µ = θA,r, where A = △(λ, d, µ). Let ρ be the permutation of Z sending j to j+1 for all j ∈ Z.
Then for λ ∈ Λ△(n, r) and m ∈ Z we have θ
ρmr
λ,λ = [△(λ, ρ
mr, λ)].
Assume r = r′ + r′′ with r′, r′′ ∈ N. For A,B ∈ Θ△(n, r) we write
(3.3) ∆r′,r′′(θA,r) =
∑
B∈Θ△(n,r
′)
C∈Θ△(n,r
′′)
g
r′,r′′
A,B,CθB,r′ ⊗ θC,r′′
where gr
′,r′′
A,B,C ∈ Q(v).
Let Tρ = X
−1
1 T˜
−1
1 · · · T˜
−1
r−1 ∈ H△(r), where T˜i = v
−1Ti. We are now ready to compute
∆r′,r′′(θ
ρmr
λ,λ ). We need the following lemma.
Lemma 3.2. For 1 6 k 6 r, we have (T˜k−1 · · · T˜2T˜1)
k = X1X2 · · ·Xk. In particular, we have
T rρ = X
−1
1 X
−1
2 · · ·X
−1
r .
Proof. We apply induction on k. The case k = 1, 2 is trivial. We now assume k > 2.
For 1 6 s 6 k − 1 let xs,k = (T˜k−1 · · · T˜1X1)
k−s(T˜k−s · · · T˜k−2T˜k−1)(T˜k−2 · · · T˜1X1)
s. For
1 6 s 6 k − 2 we have xs,k = (T˜k−1 · · · T˜1X1)
k−s−1
ys,k(T˜k−s−2 · · · T˜1X1)(T˜k−2 · · · T˜1X1)
s
where ys,k = T˜k−1 · · · T˜k−sT˜k−s−1T˜k−s · · · T˜k−1. Since ys,k = T˜k−s−1ys−1,kT˜k−s−1 we have
ys,k = T˜k−s−1 · · · T˜k−2T˜k−1T˜k−2 · · · T˜k−s−1. It follows that
xs,k = (T˜k−1 · · · T˜1X1)
k−s−1(T˜k−s−1 · · · T˜k−2T˜k−1)(T˜k−2 · · · T˜1X1)
s+1 = xs+1,k
for 1 6 s 6 k − 2. Consequently, by induction we have (T˜k−1 · · · T˜2T˜1)
k = x1,k = xk−1,k =
(T˜k−1 · · · T˜1X1)(T˜1T˜2 · · · T˜k−1)(T˜k−2 · · · T˜2T˜1)
k−1 = Xk · · ·X2X1. 
Assume r = r′ + r′′ with r′, r′′ ∈ N. There is an injective algebra homomorphism
κr′,r′′ : H△(r
′)⊗H△(r
′′)→ H△(r)
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such that κr′,r′′(Ti⊗1) = Ti (1 6 i 6 r
′−1), κr′,r′′(Xj⊗1) = Xj (1 6 j 6 r
′), κr′,r′′(1⊗Ti) = Tr′+i
(1 6 i 6 r′′ − 1), κr′,r′′(1 ⊗Xj) = Xr′+j (1 6 j 6 r
′′). We will indentify H△(r
′) ⊗H△(r
′′) as a
subalgebra of H△(r) via κr′,r′′ .
Lemma 3.3. Assume r = r′ + r′′ with r′, r′′ ∈ N. For λ ∈ Λ△(n, r) and m ∈ Z we have
∆r′,r′′(θ
ρmr
λ,λ ) =
∑
α∈Λ△(n,r
′),β∈Λ△(n,r
′′)
λ=α+β
θρ
mr′
α,α ⊗ θ
ρmr
′′
β,β .
Proof. Note that θρ
mr
λ,λ (xµh) = δλ,µxµhTρmr for µ ∈ Λ△(n, r) and h ∈ H△(r). Let Yλ,m =∑
α∈Λ△(n,r
′),β∈Λ△(n,r
′′)
λ=α+β
θρ
mr′
α,α ⊗ θ
ρmr
′′
β,β . Clearly, for λ ∈ Λ△(n, r) we have
xλH△(r) =
⊕
γ∈Λ△(n,r
′), δ∈Λ△(n,r
′′)
λ=γ+δ
xγH△(r
′)⊗ xδH△(r
′′).
By 3.2, for γ ∈ Λ△(n, r
′), δ ∈ Λ△(n, r
′′), h′ ∈H△(r
′), h′′ ∈H△(r
′′), we have
ϕr′,r′′(Yλ,m)(xγh
′ ⊗ xδh
′′) = δλ,γ+δxγh
′Tρmr′ ⊗ xδh
′′Tρmr′′
= δλ,γ+δxγh
′(X−11 · · ·X
−1
r′ )
m ⊗ xδh
′′(X−11 · · ·X
−1
r′′ )
m
= δλ,γ+δ(xγh
′ ⊗ xδh
′′)(X−11 · · ·X
−1
r′ X
−1
r′+1 · · ·X
−1
r′+r′′)
m
= δλ,γ+δ(xγh
′ ⊗ xδh
′′)Tmrρ = θ
ρmr
λ,λ (xγh
′ ⊗ xδh
′′).
It follows that ϕr′,r′′(∆r′,r′′(θ
ρmr
λ,λ )) = θ
ρmr
λ,λ = ϕr′,r′′(Yλ,m) and hence ∆r′,r′′(θ
ρmr
λ,λ ) = Yλ,m. 
For A ∈ Θ△(n) let ro(A) =
(∑
j∈Z ai,j
)
i∈Z
and co(A) =
(∑
i∈Z ai,j
)
j∈Z
. By [3, 7.7(2) and 7.9]
we have the following result.
Lemma 3.4. For A ∈ Θ+△ (n) and λ ∈ Λ△(n, r), we have ζr(θ
+
A)[diag(λ)] = θA+diag(λ−co(A)),r if
λ− co(A) ∈ Nn△ , and ζr(θ
+
A)[diag(λ)] = 0 otherwise.
For λ, µ ∈ Zn△ let 〈λ, µ〉 =
∑
16i6n λiµi −
∑
16i6n λiµi+1 for λ, µ ∈ Z
n
△ . We now use 3.3 and
3.4 to prove the following formula.
Corollary 3.5. Assume r = r′ + r′′ with r′, r′′ ∈ N. Let A ∈ Θ+△ (n) and λ ∈ Λ△(n, r) with
λ− co(A) ∈ Nn△ . Then we have
∆r′,r′′(θA+diag(λ−co(A)),r)
=
∑
B,C∈Θ+
△
(n),d(A)=d(B)+d(C)
α∈Λ△(n,r
′), β∈Λ△(n,r
′′), α+β=λ
fA,B,Cv
〈d(B),β〉θB+diag(α−co(B)),r′ ⊗ θC+diag(β−co(C)),r′′ ,
where fA,B,C is as given in (3.1).
Proof. By 3.4 we have ∆r′,r′′(θA+diag(λ−co(A)),r) = ∆r′,r′′(ζr(θ
+
A)) · ∆r′,r′′([diag(λ)]) = ((ζr′ ⊗
ζr′′) ◦∆(θ
+
A)) ·∆r′,r′′([diag(λ)]). Now the assertion follows from (3.1) and 3.3. 
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For m ∈ Z there is a map
(3.4) ηm : Θ△(n)→ Θ△(n)
defined by sending A = (ai,j)i,j∈Z to (ai,mn+j)i,j∈Z. The following lemma can be easily checked
(see [4]).
Lemma 3.6. Let m ∈ Z and A ∈ Θ△(n, r) with λ = ro(A) and µ = co(A).
(1) If ai,j = 0 for 1 6 i 6 n and j 6 mn, then ηk(A) ∈ Θ
+
△ (n) for k 6 m− 1.
(2) We have θA,r · θ
ρmr
µ,µ = θηm(A),r = θ
ρmr
λ,λ · θA,r for m ∈ Z.
Assume N > n. There is a natural injective map
˜ : Θ△(n) −→ Θ△(N), A = (ai,j) 7−→ A˜ = (a˜i,j),
where A˜ = (a˜i,j) is defined by
a˜k,l+mN =

ak,l+mn, if 1 6 k, l 6 n;0, if either n < k 6 N or n < l 6 N
for m ∈ Z. Note that the map ˜ : Θ△(n) −→ Θ△(N) induces a map from Θ+△ (n) to Θ+△ (N). It is
easy to see that there is an injective algebra homomorphism (not sending 1 to 1)
ιn,N : S△(n, r) −→ S△(N, r), [A] 7−→ [A˜] for A ∈ Θ△(n, r)
(see [1, §4.1]). Let Θ△(n, r)
ap = Θ△(n)
ap ∩ Θ△(n, r). One can easily prove the following resutls
(see [4]).
Lemma 3.7. Assume N > n. Then for A ∈ Θ△(n, r) we have A˜ ∈ Θ△(N, r)
ap and ιn,N(θA,r) =
θ
A˜,r
.
We now give a precise relation between the structure constants of the comultiplication with
respect to the canonical basis B(n, r) of S△(n, r) and that with respect to the canonical basis
B(N)ap of U(ŝlN )
+.
Theorem 3.8. Assume N > n and r = r′+ r′′. Let A ∈ Θ△(n, r), B ∈ Θ△(n, r
′), C ∈ Θ△(n, r
′′).
(1) For X ∈ Θ△(N, r
′), Y ∈ Θ△(N, r
′′), we have
g
r′,r′′
η˜k(A),X,Y
=

g
r′,r′′
A,L,M if X = η˜k(L) and Y = η˜k(M) for some L ∈ Θ△(n, r
′) and M ∈ Θ△(n, r
′′),
0 otherwise
for k ∈ Z, where gr
′,r′′
A,L,M is as given in (3.3).
(2) If N > n, then there exist k0 ∈ Z such that for k 6 k0, η˜k(A), η˜k(B), η˜k(C) ∈ Θ
+
△ (N)
ap
and
g
r′,r′′
A,B,C = v
〈d(η˜k(B)),co(η˜k(C))〉f
η˜k(A),η˜k(B),η˜k(C)
∈ N[v, v−1],
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where f
η˜k(A),η˜k(B),η˜k(C)
is as given in (3.1).
Proof. Let µ = co(A). Then by 3.6(2) and 3.3 we have
∆r′,r′′(θηk(A),r) = ∆r′,r′′(θA,r)∆r′,r′′(θ
ρkr
µ,µ) =
∑
X∈Θ△(n,r
′)
Y ∈Θ△(n,r
′′)
gr
′,r′′
A,X,Y θηk(X),r′ ⊗ θηk(Y ),r′′ .
Clearly we have ∆r′,r′′ ◦ ιn,N = (ιn,N ⊗ ιn,N) ◦∆r′,r′′ . Thus by 3.7 we have
∆r′,r′′(θ
η˜k(A),r
) = (ιn,N ⊗ ιn,N )(∆r′,r′′(θηk(A),r)) =
∑
X∈Θ△(n,r
′)
Y ∈Θ△(n,r
′′)
gr
′,r′′
A,X,Y θη˜k(X),r′
⊗ θ
η˜k(Y ),r′′
.
The statement (1) follows. The statement (2) follows from (1), 3.1, 3.5 and 3.6(1). 
Corollary 3.9. Assume N > n. For A,B,C ∈ Θ+△ (n) we have
fA,B,C = v
−〈d(B),co(C)〉+〈d(B˜),co(C˜)〉f
A˜,B˜,C˜
∈ N[v, v−1],
where fA,B,C is as given in (3.1).
Proof. There exist x,y ∈ Nn△ such that x + co(A) = y + co(B) + co(C). Let r
′ = σ(B) + σ(y)
and r′′ = σ(C). By 3.5, 3.8(1) and 3.1 we have fA,B,C = v
−〈d(B),co(C)〉g
r′,r′′
A+diag(x),B+diag(y),C =
v−〈d(B),co(C)〉gr
′,r′′
A˜+ ˜diag(x),B˜+ ˜diag(y),C˜
= v−〈d(B),co(C)〉+〈d(B˜),co(C˜)〉f
A˜,B˜,C˜
∈ N[v, v−1]. 
4. The connection between B˙(n) and B(N)ap
Let X be the quotient of Zn△ by the subgroup generated by the element 1, where 1i = 1 for
all i. For λ ∈ Zn△ let λ¯ ∈ X be the image of λ in X. Let Y = {µ ∈ Z
n
△ |
∑
16i6n µi = 0}. For
λ¯ ∈ X and µ ∈ Y we set µ · λ¯ =
∑
16i6n λiµi. For λ¯, µ¯ ∈ X we set λ¯U(ŝln)µ¯ = U(ŝln)/λ¯Iµ¯,
where λ¯Iµ¯ =
∑
j∈Y (K
j − vj·λ¯)U(ŝln) +
∑
j∈Y U(ŝln)(K
j − vj·µ¯) and Kj =
∏
16i6nK
ji
i . Let
U˙(ŝln) :=
⊕
λ¯,µ¯∈X
λ¯U(ŝln)µ¯.
There is a natural algebra structure on U˙(ŝln) inherited from that of U(ŝln) (see [12, 23.1.1]).
Let πλ¯,µ¯ : U(ŝln) → λ¯U(ŝln)µ¯ be the canonical projection. For λ¯ ∈ X let 1λ¯ = πλ¯,λ¯(1). The
map ζr defined in §2 induces an algebra homomorphism
ζ˙r : U˙(ŝln)→ S△(n, r)
such that ζ˙r(πλ¯,µ¯(u)) = ζ˙r(1λ¯)ζr(u)ζ˙r(1µ¯) for u ∈ U(ŝln) and λ¯, µ¯ ∈ X, and ζ˙r(1λ¯) = [diag(α)]
if λ¯ = α¯ for some α ∈ Λ△(n, r), ζ˙r(1λ¯) = 0 otherwise.
For α¯, β¯, γ¯, δ¯ ∈ X, there is a well-defined linear map
∆α¯,β¯,γ¯,δ¯ : α¯+γ¯U(ŝln)β¯+δ¯ → α¯U(ŝln)β¯ ⊗ γ¯U(ŝln)δ¯
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such that ∆α¯,β¯,γ¯,δ¯(πα¯+γ¯,β¯+δ¯(x)) = (πα¯,β¯ ⊗ πγ¯,δ¯)(∆(x)) for x ∈ U(ŝln). This collection of maps is
called the comultiplication of U˙(ŝln) (see [12]).
Let B˙(n) be the canonical basis of U˙(ŝln) defined by Lusztig [12]. Let Y(n) = {A ∈
Θ△(n)
ap, A − E 6∈ Θ△(n)}. By the proof of [14, 4.3], we see that for A ∈ Y(n), there exists
a unique bA ∈ B˙(n) such that ζ˙r(bA) = θA+mE,r if r = σ(A) + mn for some m > 0, and
ζ˙r(bA) = 0 otherwise. Furthermore we have B˙(n) = {bA | A ∈ Y(n)} (cf. [17, 15]).
For λ, µ ∈ Λ△(n, r) let λΘ△(n, r)µ = {A ∈ Θ△(n, r) | ro(A) = λ, co(A) = µ}. For λ¯, µ¯ ∈ X let
λ¯Y(n)µ¯ = {A ∈ Y(n) | ro(A) = λ¯, co(A) = µ¯}. Then for A ∈ λ¯Y(n)µ¯ we have bA ∈ λ¯U(ŝln)µ¯.
For α¯, β¯, γ¯, δ¯ ∈ X and A ∈ α¯+γ¯Y(n)β¯+δ¯, we write
(4.1) ∆α¯,β¯,γ¯,δ¯(bA) =
∑
B∈α¯Y(n)β¯
C∈γ¯Y(n)δ¯
hA,B,CbB ⊗ bC
where hA,B,C ∈ Z.
Finally, we give a precise relation between the structure constants of the comultiplication
with respect to the canonical basis B˙(n) of U˙(ŝln) and that with respect to the canonical basis
B(N)ap of U(ŝlN )
+.
Theorem 4.1. Let α¯, β¯, γ¯, δ¯ ∈ X, A ∈ α¯+γ¯Y(n)β¯+δ¯. B ∈ α¯Y(n)β¯ and C ∈ γ¯Y(n)δ¯. Let
r′ = σ(B), r′′ = σ(C). Assume N > n and hA,B,C 6= 0. Then there exist m ∈ N and k0 ∈ Z
such that σ(B) + σ(C) = σ(A) +mn, A˜k, B˜k, C˜k ∈ Θ
+
△ (N)
ap and
hA,B,C = g
r′,r′′
A+mE,B,C = v
〈d(B˜k),co(C˜k)〉f
A˜k,B˜k,C˜k
∈ N[v, v−1],
for k 6 k0, where Ak = ηk(A +mE), Bk = ηk(B), Ck = ηk(C), fA˜k,B˜k,C˜k
is as given in (3.1)
and gr
′,r′′
A+mE,B,C is as given in (3.3).
Proof. Note that we have ζ˙r′(bB) = θB,r′ and ζ˙r′′(bC) = θC,r′′ . Let r = r
′+r′′. Since ζ˙r(bA) 6= 0,
we conclude that r = σ(A) +mn for some m ∈ N and ζ˙r(bA) = θA+mE,r. Clearly we have (ζ˙r′ ⊗
ζ˙r′′)◦∆α¯,β¯,γ¯,δ¯(bA) = ([diag(ro(B))]⊗[diag(ro(C))])·∆r′,r′′(ζ˙r(bA))·([diag(co(B))]⊗[diag(co(C))]).
This together with 3.3 and 4.1 implies that∑
A′∈α¯Y(n)β¯
A′′∈γ¯Y(n)δ¯
hA,A′,A′′ ζ˙r′(bA′)⊗ ζ˙r′′(bA′′) =
∑
A′∈ro(B)Θ△(n,r
′)co(B)
A′′∈ro(C)Θ△(n,r
′′)co(C)
g
r′,r′′
A+mE,A′,A′′θA′,r′ ⊗ θA′′,r′′ .
It follows that hA,B,C = g
r′,r′′
A+mE,B,C . Now the result follows from 3.8(2). 
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